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Abstract
The chromo-electromagnetic field fluctuations in the quark-gluon plasma (QGP)
play an important role as these field fluctuations result energy gain of heavy
quarks. We consider these fluctuations and evaluate the transport coefficients,
e.g., drag and diffusion coefficients of charm quarks and shear viscosity to en-
tropy density ratio (η/s) of the QGP. We find a significant effect of such fluc-
tuations on the transport coefficients. These fluctuations cause a reduction of
the drag and diffusion coefficients. We also observe that the shear viscosity to
entropy density ratio of the QGP is closer to the value obtained in Lattice QCD
(LQCD) and functional renormalization group calculations when the effects of
such fluctuations are included.
Keywords: Quark-Gluon Plasma, Chromo-electromagnetic Field
Fluctuations, Heavy Quarks, Shear viscosity to entropy density
ratio
1. Introduction
One of the main emphasis of present day heavy-ion experiments is to charac-
terize quark-gluon plasma (QGP) or more precisely to determine its transport
coefficents[1]. Immediately after the creation, the QGP will be cooled by expan-
sion due to large internal pressure and will revert to the hadronic phase. The
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existence of these two phases (the deconfined QGP phase and hadronic phase)
has been confirmed by recent Lattice QCD (LQCD) calculations[2, 3, 4] and ex-
perimental observations[5, 6, 7, 8, 9]. During the transition from the deconfined
QGP phase to the hadronic phase, the system may encounter critical point in
QCD phase diagram. The characterization of the medium at critical point is
one of the most challenging problems in heavy-ion collisions at the relativis-
tic energies. The LQCD calculations indicate that the transition occurs near
the critical temperature around Tc ∼ 155 MeV [10] at zero baryonic chemical
potential.
Amongst many, one of the efficient probe to understand the QGP is the
heavy quarks which are mostly produced from the fusion of partons at the early
stage of heavy-ion collisions. Due to their large mass, few heavy quarks are
produced at the later stage and none in the hadronic matter. This helps them
to play a crucial role to characterize this deconfined medium formed in such
collisions. The heavy quarks, after their production, propagate through the
medium and lose energy throughout their path of propagation. The energy loss
suffered by the heavy quarks is reflected in the relative suppression of heavy-
flavoured hadrons[11, 12, 13, 14]. Heavy quarks lose energy by interacting with
the light partons of the thermal background (QGP) and by radiating gluons,
viz., bremsstrahlung process due to the deceleration of the heavy quarks. The
collisional[15, 16, 18, 19] and radiative[20, 21, 22, 23, 24, 25, 26, 27, 28, 29, 30, 31]
energy loss have been reported extensively by several authors.
In general field fluctuations are not considered when energy loses are calcu-
lated in the QGP. Since the QGP is a statistical system of coloured partons that
are moving randomly, widespread stochastic fluctuations are also expected in the
system. These microscopic fluctuations affect the response of the system on the
influence of external perturbations. The impact of such electromagnetic field
fluctuations on the propagation of charged particles though a non-relativistic
classical plasma has been estimated by several authors[32, 33, 34, 35, 36, 37].
The effective parton energy loss while propagating in the QGP considering the
effect of stimulated gluon emission and thermal absorption has been reported
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in Ref[38]. On the other hand the effect of chromo-electromagnetic field fluc-
tuations in the QGP cause energy gain of heavy quarks of all momenta, sig-
nificantly at lower momentum [39]. This is due to the fact that the statistical
change in the energy of the propagating heavy quarks takes place when the
chromo-electromagnetic field fluctuations cause the fluctuations in the veloci-
ties of heavy quarks. This energy gain results in reduction of the total energy
loss. The effect of this energy gain is not negligible and it has an important
impact on the suppression of heavy-flavoured hadrons which was shown in our
previous work[40].
Generally, the magnitudes of transport coefficients are determined by the
interaction of the heavy quarks in the medium. Therefore, the estimation of
transport coefficients of the QGP using heavy quarks is a field of immense
interest. In earlier works[41, 42, 43, 44, 45, 46, 47, 48], while calculating drag and
diffusion coefficients of heavy quarks and shear viscosity to entropy density ratio
(η/s) of the QGP, the energy gain due to field fluctuations was not considered,
only collisional and radiative loss processes were considered. In this work, we
consider the effect of chromo-electromagnetic field fluctuations and estimate the
drag and diffusion coefficients of charm quarks and η/s of the QGP medium.
We find a significant effect of these field fluctuations.
The present article is organized as follows: In the next section, we briefly out-
line the space-time evolution for the QGP medium and initial conditions, the
model for heavy quarks energy loss and the effect of chromo-electromagnetic
field fluctuations. We consider the collisional energy loss of heavy quarks by
Brateen and Thoma (BT) formalism[16] and the radiative energy loss by reac-
tion operator formalism (DGLV)[24, 25] and the energy gain due to chromo-
electromagnetic field fluctuations as prescribed in Ref.[39]. In Sec.3, we discuss
the formalism for heavy quarks drag and diffusion in the QGP medium. The
shear viscosity to entropy density ratio (η/s) of the QGP is estimated by using
diffusion coefficients of charm quarks and it has been discussed in Sec.4. Sec.5
is devoted to summary and conclusion.
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2. Methodology
2.1. Initial condition and space-time evolution
We consider a heavy quark produced at transverse position ~r with an angle
φ relative to the radial direction rˆ in a heavy-ion collision, propagating through
the QGP medium and losing energy. As far as the energy loss is concerned,
the total path traversed by the heavy quark is an important quantity to be
estimated. The path length L traveled by the heavy quark inside the medium
is calculated as[49]:
L(r, φ) =
√
R2 − r2 sin2 φ− r cosφ. (1)
where R is the radius of the colliding nuclei. The average distance traveled by
the heavy quark inside the QGP is
〈L〉 =
R∫
0
rdr
2pi∫
0
L(r,φ)TAA(r,b)dφ
R∫
0
rdr
2pi∫
0
TAA(r,b)dφ
, (2)
where TAA(r, b) is the nuclear overlap function at an impact parameter b, ob-
tained from Glauber Model calculation as, TAA(r, b) = ρ(|~r|)ρ(|~r−~b|) (with ρ(|~r|)
is the density of nucleus assumed to be a sharp sphere with radius R = 1.1A1/3
fm). The effective path length of a heavy quark in the QGP of life time τf is
obtained as,
Leff = min[〈L〉, pTmT × τf ]. (3)
where mT and pT are the transverse mass and transverse momentum of the
heavy quark respectively. We consider an isentropic cylindrical expansion as
described in Ref. [50]. The temperature is estimated as a function of proper
time using the entropy conservation condition s(T )V (τ) = s(T0)V (τ0) . The
initial volume is calculated by V (τ0) = π[Rtr(Npart)]
2τ0 and the transverse
size Rtr(Npart) with number of participant Npart is obtained as Rtr(Npart) =
R
√
Npart/2A, with A is mass number of the colliding nucleus.
The initial and freeze-out times are taken as τ0 = 0.3 fm and τf = 6 fm,
respectively same as used in Ref. [40, 51]. Various other parameters used in our
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calculations are: initial temperature T0 = 430 MeV, 〈L〉 = 4.16 fm, Npart = 113
and 〈b〉 = 9.68 fm for minimum-bias Pb−Pb collisions at centre of mass energy
√
sNN = 2.76 TeV available at the LHC.
2.2. Collisional energy loss: Brateen and Thoma (BT) formalism
The heavy quarks, while propagating through the QGP medium, collide
elastically with the particles of the medium and lose energy. The collisional
energy loss per unit length (−dE/dx) has been calculated in the past by several
authors[15, 16, 18, 19]. Brateen and Thoma[16] performed the most detailed
calculation of −dE/dx which was based on their previous QED calculation of
−dE/dx for muons[17]. The expression for −dE/dx in the QGP medium of
temperature T for a relativistic heavy quark with mass MQ and energy E ≪
M2Q/T reads as[16],
−dE
dx
=
8πα2sT
2
3
(
1 +
nf
6
)(1
v
− 1− v
2
2v2
ln
1 + v
1− v
)
× ln
(
2nf/(6+nf )B(v)
ET
mgMQ
)
, (4)
where αs = 0.3 is the strong coupling constant, B(v) is a smooth function of
velocity (v) of heavy quark which can be taken approximately as 0.7, mg =√
(1 + nf/6)gT/3, is thermal gluon mass and g =
√
4παs and nf is the number
of active quark flavors in the QGP medium. In the ultra-relativistic region i.e.,
E ≫M2Q/T , the expression for −dE/dx becomes[16]
−dE
dx
=
8πα2sT
2
3
(
1 +
nf
6
)
ln
(
2nf/2(6+nf )0.920
√
ET
mg
)
(5)
2.3. Radiative energy loss: Reaction operator formalism (DGLV)
Gluon radiation from a fast parton is the dominant and hence essential
mechanism of energy loss inside the QGP. The energy loss due to gluon radiation
was first estimated in Ref.[20]. Latter many authors [21, 22, 23, 24, 25, 26, 27,
28, 29, 30, 31] also calculated the radiative energy loss with many factors. The
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energy loss by gluon radiation from light quark jets in powers of gluon opacity
(L/λ) (where λ is the mean free path and L is the path length traversed in the
medium) has been calculated by using reaction operator formalism[25]. This
formalism was then extended to obtain the energy loss by gluon radiation from
heavy quarks and simplified for the first order of opacity expansion [24]. The
expression for the average radiative energy loss from heavy quarks is given in
the Appendix.
2.4. Chromo-electromagnetic field fluctuations and energy gain
The collisional as well as radiative energy loss of heavy quarks inside QGP
were obtained by considering the QGP medium in an average manner. However,
QGP is a statistical system of mobile coloured charged particles (light quarks
and gluons) which produce the chromo-electromagnetic fields due to their mo-
tion. Hence, QGP could be characterised by widespread stochastic chromo-
electromagnetic field fluctuations. These field fluctuations are extremely impor-
tant since they cause the fluctuation in the velocity of the propagating heavy
quarks which are correlated with the fluctuations in the chromo-electromagnetic
field. The presence of such correlations leads heavy quarks to gain energy. A
quantitative estimation of the effect of these field fluctuations on the propa-
gation of heavy quarks was done using the semiclassical approximation that is
equivalent to the Hard Thermal Loop approximation based on weak coupling
limit[15, 16]. The estimated leading-log (LL) contribution of the energy gain
reads as[39],
(
dE
dx
)LL
fl
= 2πCFα
2
s
(
1 +
nf
6
) T 3
Ev2
ln
1 + v
1− v ln
kmax
kmin
, (6)
where kmin = µg is Debye mass and kmax = min
[
E, 2q(E + p)/
√
M2 + 2q(E + p)
]
with q ∼ T is the representative momentum of the thermal partons (light quarks
and gluons). The energy gain could be physically interpreted as the heavy
quarks absorb gluons during their path of travel.
The energy loss of heavy quarks as discussed in Sec.2.2 and 2.3 is calculated
as a function of proper time. The initial conditions and medium evolution model
6
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Figure 1: The energy loss of a charm quark
inside the QGP medium as a function
of its momentum, obtained using BT[16],
DGLV[24, 25] and Fluctuations[39].
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Figure 2: Fractional energy loss
of a charm quark inside the QGP
due to BT[16], DGLV[24, 25] and
Fluctuations[39] as a function of its mo-
mentum. The path length considered here
is L = 5 fm.
used for the calculations are discussed in Sec.2.1. The calculated energy loss is
then averaged over the temperature evolution of the QGP medium. The energy
gain due to field fluctuations as described in Sec2.4 has been also calculated in
similar way.
We show the differential (−dE/dx) and fractional (−∆E/E) energy loss of
a charm quark inside the QGP in figures 1 and 2 respectively. The effect of
field fluctuations is also shown here. Our choice of parameters are: number of
flavours in the QGP medium, nf = 2; coupling constant, αs = 0.3 and charm
quark mass, Mc = 1.25 GeV. It is observed that the energy loss increases with
the momentum of charm quark however the rate of increment reduces at higher
momenta. The DGLV radiative energy loss of charm quark is higher than the BT
collisional energy loss. The energy loss is negative due to the field fluctuations
which denotes energy gain. This energy gain is found to be important in the
lower momentum region. It is due to the fact that the low momentum charm
quarks are more affected by the field fluctuations and hence the energy gain
of charm quarks becomes significant at the lower velocity limit. The effects of
these fluctuations are significant to reduce the total energy loss.
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3. Formalism of drag and diffusion coefficients
The perturbative QCD (pQCD) calculations[52, 53] imply that the heavy
quark thermalization time is larger than the light parton thermalization time
scale, which suggests that the heavy quarks are not in equilibrium with the
QGP medium, and hence the heavy quarks qualify to execute Brownian motion
in the heat bath of light quarks and gluons. The Boltzmann transport equation
is employed to describe such Brownian motion. Under the assumptions that
the plasma is uniform, no external force present and the momentum change of
heavy quarks due to collisions with the medium partons is relatively small, the
Boltzmann transport equation reduces to Fokker-Plank (FP) equation. The FP
equation reads as [41, 54],
∂f
∂t
=
∂
∂pi
(
piA(p)f +
∂
∂pi
[B(p)f ]
)
, (7)
where f is the phase space distribution function (here it is for heavy quarks),
p is the momentum of the heavy quarks. The quantities A(p) and B(p) are the
usual drag and diffusion coefficients respectively. Eq.7 can be used to study the
evolution of heavy quarks in the QGP medium. During the propagation through
the QGP, the heavy quarks lose energy via elastic collisions and bremsstrahlung
gluon radiations. Along with that, heavy quarks gain energy due to the statis-
tical field fluctuations of the QGP medium (see Ref. [39] for the details) which
reduces the total energy loss of the heavy quarks. Therefore, the estimation of
drag (A) and diffusion (B) coefficients should include these energy losses as well
as the energy gain processes. It should be mentioned here that the transport
coefficients in FP equation (Eq.7) usually evaluated for the collisional processes.
However we consider the radiative processes also since they are the most domi-
nating processes while a heavy quark moves very fast inside the QGP medium.
In this spirit, we use −dE/dx to estimate the drag and diffusion coefficients
of heavy quarks. AColl and BColl are drag and diffusion coefficient for collisional
process. Similarly we define ARad and BRad, (AFl and BFl) for radiative, (field
fluctuations) process. The effective drag and diffusion coefficients are defined
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as A = AColl +ARad +AFl and B = BColl +BRad +BFl respectively. The net
−dE/dx is used to calculate the effective drag and diffusion coefficients. The
effect of effective drag and diffusion on the heavy quark of momentum p in the
QGP of temperature T can be defined as [43, 47],
A =
1
p
(
−dE
dx
)
Coll+Rad+Fl
(8)
B = T
(
−dE
dx
)
Coll+Rad+Fl
(9)
respectively. These effective transport coefficients are important quantities con-
taining the dynamics of energy loss and gain processes of the heavy quarks in
the QGP medium. One can average out A and B over momentum, implying
that the dynamics is dominated by the energy loss and gain processes in the
heat bath.
We use power-law distribution and differential energy loss calculations BT [16]
and DGLV [24, 25] to perform the momentum averaging of A and B. To sample
the initial transverse momentum of charm quarks, we use the following power-
law parametrization [55]:
dN
d2pT
∝ 1
(p2T + Λ
2)n
(10)
where, Λ = 2.1 and n = 3.9. The time dependence in A and B comes from
assuming the temperature T is decreasing with time as the system expands
cylindrically in isentropic nature. For time averaging of A and B, we calculate
A and B from energy loss for different times during the expansion of the system
and then averaging them over the entire evolution of the system.
In figures 3 and 4, the variation of drag coefficients (A) of a charm quark
with time and charm quarks momentum have been depicted respectively. The
values of A are positive and decrease with time and momentum where only the
energy loss processes have been considered. For the field fluctuations, as these
fluctuations cause charm quarks to gain energy [39, 40], the values of A are
negative. We also observe that the contribution of radiative energy loss is large
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Figure 3: The drag coefficient of a charm
quark inside the QGP medium as a func-
tion of time, obtained for different energy
loss schemes (BT [16] and DGLV [24, 25])
along with the effect of fluctuations [39].
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Figure 4: The drag coefficient of a charm
quark inside the QGP medium as a func-
tion of its momentum, obtained for dif-
ferent energy loss schemes(BT[16] and
DGLV[24, 25]) along with the effect of
fluctuations[39].
compared to the collisional one which is consistent with the findings of Das
et. al. [47]. The total contribution of radiative and collisional losses (Coll. +
Rad.) are large enough whereas the inclusion of the effect of field fluctuations
decreases the total drag coefficient (Coll. + Rad.) and we call it effective drag
coefficient (Coll.+ Rad.+ Fluc.). The reduction of drag coefficient is more at
the lower momentum region (p < 25 GeV) since the fluctuations are significant
at lower momentum as discussed earlier. At p > 25 GeV region, the effect of
the fluctuations on drag coefficient is negligibly small.
Once the drag coefficient is averaged out over momentum using the proper-
ties of heat bath (as discussed earlier), the diffusion coefficient can also be aver-
aged out over momentum since it is derivable from the drag coefficient through
Einstein’s relation. Figures 5 and 6 display the diffusion coefficients (B) of a
charm quark as a function of time and charm quarks momentum respectively.
We observe that the values of B are positive and decrease with time and in-
crease with momentum when only the energy loss processes are considered. The
values of B are negative for field fluctuations because the charm quarks gain en-
ergy due to field fluctuations. It results a reduction of total diffusion coefficient
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Figure 5: The diffusion coefficient of a
charm quark inside the QGP medium as a
function of time, obtained for different en-
ergy loss schemes(BT [16] and DGLV [24,
25]) and along with the effect of fluctua-
tions [39].
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Figure 6: The diffusion coefficient of a
charm quark inside the QGP medium as
a function of its momentum, obtained for
different energy loss schemes(BT [16] and
DGLV [24, 25]) and along with the effect
of fluctuations [39].
(Coll.+ Rad.) to an effective diffusion coefficient, Beff (Coll.+ Rad.+ Fluc.)
which is less compared to Coll.+Rad. case.
4. Shear viscosity to entropy density ratio (η/s) of the QGP probed
by charm quarks
Viscosity measures the resistance of a fluid deformed either by tensile stress
or shear stress. The less viscosity causes greater fluidity. In order to characterize
QGP, amongst many, η/s is one of the important quantity. It is an important
dimensionless measure of how imperfect or dissipative the QGP is.
A heavy quark with certain momentum while propagating through the QGP
medium encounters the medium partons and hence the momentum exchange
occurs with the medium partons. The momentum exchange results minimization
of momentum gradient in the system. Hence, it is related to the shear viscous
coefficients of the system which drives the system towards a reduced momentum
gradient. The expression of η/s has been calculated in Ref. [56], which reads
as:
11
ηs
≈ 1.25T
3
qˆ
, (11)
where T is the temperature of the medium and qˆ is the transport coefficient
which is defined as square of the average exchanged momentum between the
heavy quark and bath particles per unit length. During the interactions of heavy
quark with bath particles, the momentum diffusion occurs in the medium which
is expressed through the diffusion coefficient. The diffusion coefficient and qˆ,
both are directly related to the momentum transfer and hence qˆ is proportional
to diffusion coefficient which is more often used in the diffusion equation as
discussed in Ref.[56, 57]. The qˆ in Eq.11 is defined for gluon [56]. We have
considered the color factor difference while relating the charm quark diffusion
coefficient B with qˆ. The relation between B and qˆ is B = qˆ/4. Eq.11 has been
used to estimate η/s of the QGP medium in the light of heavy quarks energy
loss by Mazumder et. al.[44]. In this work, we estimate η/s from Eq.11, where
qˆ is obtained from the effective diffusion coefficient which takes into account the
effect of the field fluctuations.
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Figure 7: The viscosity to entropy density ratio (η/s) as a function of T/Tc, is compared with
the results obtained by LQCD calculations[58, 59, 60] and functional renormalization group
calculations[61]. Here critical temperature Tc is taken 155 MeV.
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In Figure 7, we display η/s as a function of T/Tc when the charm quarks un-
dergo both collisional and radiative processes along with the chromo-eletromagnetic
field fluctuations which cause the charm quarks to gain energy. We observe that
the effect of such fluctuations increases the values of η/s of the QGP. The ob-
tained values of η/s are close to the LQCD calculations[58, 59, 60] and findings of
functional renormalization group technique[61] within their uncertainties when
we include the effect of field fluctuations into account.
AdS/CFT calculations give a lower bound of η/s, which is ηs ≥ 14pi . The
obtained η/s values go slightly below this AdS/CFT lower bound near Tc which
might be unphysical. It is hard to characterize the QGP near critical point.
However it is worth mentioning that the theoretical uncertainties may appear
in our calculations due to thermalization of the medium which may occur due
to uncertainties in initial conditions. Mean energy loss calculations used here is
based on semi-classical approximation which is equivalent to the Hard Thermal
Loop approximation on the basis of weak coupling limit. The non-Abelian terms
in the QCD equations of motion is also ignored here. Thus the uncertainty in
the estimation of η/s from the energy loss calculation may arise.
5. Summary and Conclusion
The energy loss suffered by an energetic heavy quark inside QGP medium
provides the dynamical properties of the QGP which are reflected in the nuclear
modification factor of heavy-flavoured mesons. In the phenomenological study
of heavy flavour suppression, the effect of field fluctuations along with the energy
loss processes is important to describe the measured suppressions. In this article
the effect of such fluctuations on charm quarks drag, diffusion coefficients and
η/s of the QGP medium have been investigated. It is observed that the effect
of the fluctuations reduces the drag and diffusion coefficients compared to the
total contributions from collisions and gluon radiations. The radiative loss is
dominant over the collisional counter part in drag and diffusion coefficients. The
effect of the fluctuations has significant impact on η/s of the QGP medium.
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These fluctuations increase the values of η/s. The obtained values of η/s close
to the LQCD and functional renormalization group calculations when the effect
of the fluctuations are taken into account.
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Appendix: Reaction operator formalism (DGLV)
The average energy loss due to gluon radiation from a heavy quark, obtained
by the reaction operator formalism is written as[31],
∆E
L
= E
CFαs
π
1
λ
∫ 1− MQ
E+p
mg
E+p
dx
∫ ∞
0
4µ2gq
3(X lnY + Z)
(4ExL )
2 + (q2 + β2)2
dq, (12)
where
β2 = m2gt(1 − x) +M2Qx2, λ−1 = ρgσQg + ρqσQq (13)
with ρg = 16T
3 1.202
pi2 and ρq = 9nfT
3 1.202
pi2 are the densities of quarks and gluons
in the QGP medium respectively where σQq =
9piα2s
2µ2g
and σQg =
4
9σQq. Here
CF = 4/3 which determines the coupling strength between the heavy quark and
gluon and mgt = µg/
√
2 is the transverse gluon mass.
The functions X , Y and Z are given by the following relations:
X =
2β2
f3β
(β2 + q2) (14)
Y =
(β2 +K)(β2Q−µ +Q
+
µQ
+
µ +Q
+
µ fβ)
β2
(
β2(Q−µ −K)−Q−µK +Q+µQ+µ + fβfµ
) (15)
Z =
1
2q2f2βfµ
[β2µ2g(2q
2 − µ2g) + β2(β2 − µ2g)K +
Q+µ (β
4 − 2q2Q+µ ) + fµ(β2(µ2g − β2 − 3q2) + 2q2Q+µ ) + 3β2q2Q−k ] (16)
14
Where, K = k2max = 2px(1 − x), Q±µ = q2 ± µ2g, Q±k = q2 ± k2max, fβ =
f(β,Q+µ , Q
−
µ ) and fµ = f(µg, Q
+
k , Q
−
k ) with f(x, y, z) =
√
x4 + 2x2y + z2.
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